Two independent methods to obtain ab initio effective rotational Hamiltonians have been implemented recently. The first one is based on a generalization of perturbation theory to non-commutative rings, the other one on contact transformation techniques. In principle, both methods are able to give rotational Hamiltonians including centrugal distortion effects of arbitrary high orders. These methods are compared for the first time in this article with regard to calculations of the rotational levels of methane vibrational ground state.
Introduction
The resolution of the molecular Schrödinger equation gives in principle the energy levels commonly associated with the rotational spectrum of a polyatomic molecule. The term "rotational" is coined because the corresponding levels are mainly related to the quantization of molecular rotational motion. However, for their accurate characterisation an account of the coupling with other types of nuclear motion is mandatory, and it becomes rapidly prohibitive to deal with all molecular degrees of freedom (dof) as the number of atoms increases. So, it is often desirable to separate electronic from nuclear dof, and also within nuclear dof, to separate "vibrational" dof from the "rotational" ones. Then, to obtain the rotational energy levels of a polyatomic molecule, one has only to solve an effective rotational Hamiltonian eigenvalue problem for a given vibrational state.
A formal derivation of effective models in quantum mechanics using a separation of a Hamiltonian into a zeroth-order approximation and a perturbation has been the subject of many studies. The well-known Rayleigh-Schrödinger perturbation theory has been extended for a derivation of effective Hamiltonians defined on a degenerate zeroth-order eigenspace by Bogolyubov and Tiablikov [1] , Bloch [2] , Des Cloizeaux [3] , Soliverez [4] , and other investigators using projector and resolvent operators. Another approach using unitary Contact Transformations (CT), originally suggested by Van Vleck [5] gave rise to a series of successful applications, particularly in molecular physics. A comparison of various general methods for effective Hamiltonian derivation have been discussed in detail by Klein [6] , Tyuterev et al. [7] [8] [9] and Jorgensen [10] . In these works, it has been shown that different perturbative methods resulted in formally different effective Hamiltonians which however, could be related with suitably chosen transformations. More recently Watson [11] has given a supplementary insight on formal relations between several general approaches, including those implemented in the present work, and Bloch expansion [2] .
These studies are very useful to understand the fundamental ambiguities inherent to the fitting of empirical Hamiltonian parameters to experimental energy levels. They have paved the path to the development in molecular spectroscopy of reduction theory [12-2 15] , which aims at the derivation of empirical effective Hamiltonians containing uniquely defined parameters, by means of transformations within the subspace spanned by the corresponding effective wave functions.
However, very few studies are yet available concerning the numerical accuracy and convergence properties of ab initio derived effective Hamiltonians. In this paper we focus on accurate calculations close to spectroscopic accuracy, based on two types of perturbation approaches, using computer codes developed by the authors. The first one, obtained from a formalism called the Rayleigh-Schrödinger perturbation theory generalized to the ring spanned by angular momentum operators [16] [17] [18] [19] is equivalent to the "standard unitary solution" of section 8 of [11] . The second one, is a generalized formulation of the CT method using super-operator techniques [7] [8] [9] . Both methods, implemented by the authors, are applied in this work to the calculation of methane rotational levels in the vibrational ground state, starting from the complete vibration-rotational Hamiltonian in the Eckart-Watson form [20] [21] [22] .
Methane is a very important molecule for various applications in particular for planetary physics and chemistry. Rotational spectra of methane have been observed through transparency windows in Saturn and Titan atmospheres [23] [24] [25] . Many new experimental measurements are currently in progress [26] [27] [28] [29] . Furthermore, recent improvements in ab initio calculations of methane potential energy surfaces (PES) [30] [31] [32] [33] , make this molecule a good candidate for advanced, benchmark, ro-vibrational calculations. All calculations in this study were performed by using the same accurate PES recently constructed by Nikitin et al. [33] , which will be referred to as the NRT PES in what follows.
To apply our perturbation calculations, this PES has been re-expressed in rectilinear normal coordinates up to the 10 th order.
Throughout this article, "methane" will designate the main isotopologue, 12 CH 4 , of this molecular species. Note that a modeling of methane experimental spectra requires a sophisticated effective Hamiltonian formalism because of its high symmetry [34] . On another hand, in theoretical investigations, high symmetry is very useful to diagnose 3 bugs in computer codes. The purpose of the present article is to focus on numerical and convergence issues on a concrete example. As for the formal comparison of the methods and techniques of calculations, we refer the reader to the above mentionned bibliography, in particular [9, 11] .
The article is organized as follows: In Part 2, the generalized Rayleigh-Schrödinger perturbation theory is briefly reviewed. In part 3, the contact transformation technique as implemented in this work is outlined. In Part 4, we proceed with a comparison of the effective rotational Hamiltonians given by the two methods for different orders up to eight in angular momentum operators. We conclude on the reliability and the effectiveness of both approaches.
Effective separation of variables and perturbation theory
Let us first introduce a key notation for an effective separation of variables technique, that is particularly efficient when it is coupled to perturbation theory. It is applicable to Hamiltonians of the form, H(X, Y ), depending upon two sets of operators X and Y acting on two distinct subsets of dof x and y respectively. We suppose that the Hamiltonian can be decomposed as,
The traditional Rayleigh-Schrödinger theory would correspond to the case where the sets Y and y are empty.
The operators in X act on a Hilbert space, V x , of square integrable functions of the x dof. Similarly, those in Y act on a Hilbert space, V y , of square integrable functions of the y dof. The Hilbert space of the whole system is the tensor product, V = V x ⊗ V y .
The identity on V x (respectively V y ) is written Id x (respectively Id y ).
To generalize the Rayleigh-Schrödinger theory for this Hamiltonian, we recall the derivation procedure by Cassam-Chenaï [19] . However, a very similar formulation and notation 4 for the separation of x and y dof by CT has been described by Makushkin and Tyuterev [9] . Thus the considerations of the next sub-section equally apply to both methods used in this paper.
Eigen equation for effective operators
Let (ψ n ) n , (respectively (Ψ K ) K ), be a normalized Hilbertian basis set of V x (respectively V y ), we have:
obtained by taking the tensor product of basis functions, (ψ n ⊗ Ψ K ) n,K . Since we are free to choose the basis set of V x , we can take for (ψ n ) n a set of orthonormal eigenvectors of H 0 . We label this set with positive integers and denote the associated eigenvalues by (ν n ) n . For simplicity, we assume that the eigenstates of H 0 (X) are non-degenerate, but the method is general.
To solve perturbationally the eigenvalue equation,
we introduce a real parameter, ε ∈ [0, 1], and the Hamiltonian,
such that, H(X, Y, 0) = H 0 (X) ⊗ Id y and H(X, Y, 1) = H(X, Y ).
So, for ε = 0, given our choice for (ψ n ) n ,
The eigenspaces are degenerate of dimension, dimV y .
Note that we use the same symbols, · · · | and | · · · , for Dirac bra's and ket's indifferently
and summing over K, one obtains,
We will assume that, for some fixed n, in the interval ε ∈ [0, 1], the dimV y eigenstates (ψ n ⊗ Ψ K ) K of H(X, Y, 0) are in one-to-one correspondance with dimV y eigenstates of H(X, Y, ε), denoted by (φ n,K (ε)) K , the latter inheriting their labels from their ε = 0 partners. The φ n,K (ε)'s can be expanded on the tensorial product basis set as,
Introducing dimV x linear operators on V y , Ψ n (Y, ε), by
we can define a so-called "effective wave operator" from
Combining Eqs. (7) and (8), we see from Eq. (6) , that the action of the effective wave operator on the basis functions Ψ K gives the exact eigenfunctions of H(X, Y, ε),
We define another operator on V y , called the "effective Hamiltonian", E n (Y, ε), by its action on the basis functions Ψ K ,
Inserting Eqs. (9) and (10) in the eigenvalue equation of H(X, Y, ε), we have for all Ψ K ,
Since the Ψ K 's form a basis set, we can write the following identity between operators acting on V y ,
By conjugation, the Hermitian conjugate of the effective wave operator and Hamiltonian satisfy,
6 where the operators act on V y on the left. We will make use of the notation · · · x to signify that integration is carried over the x-variables only, for example,
Note that, if we impose the normalization condition,
we obtain easily from Eqs. (12) and (13) that the effective Hamiltonian, E n (Y, ε), is
Hermitian,
Perturbational solution of the eigen equation for effective operators
Following Cassam-Chenaï [19] , let us consider the problem of finding all pairs of operators
We call the latter equation an eigen equation for effective operators. From the previous section, one can assert that its set of solutions is non empty provided minor hypotheses. If one assumes that the eigenpairs (E n,K (ε), φ n,K (ε)) K of H(X, Y, ε) of some band indexed by quantum number n, are smooth function of ε, one can solve Eq.(17) in a RayleighSchrödinger fashion. Note that, this smoothness hypothesis is the crucial one: In finite dimension, it is always possible to relate bi-univoquely two arbitrary sets of linearly independent functions, provided their cardinal are the same. However, the requirement that this relation should be smooth as ε varies, is an important constraint implying that the band considered undergoes no "catastrophic" mixing with any other band, in the sense of catastrophe theory. We postpone the treatment of such a case to a forthcoming paper on a quasi degenerate version of the present formalism.
So, we expand the effective rotational Hamiltonian and wave operators as a power series of ε:
Inserting these expressions in Eq. (17) and identifying the terms with the same power of ε, together with the set of "Hermiticity" conditions, ∀k > 0,
and the set of normalization conditions, ∀k > 0,
where
the null operator on V y , one can determine unambiguously eigensolutions to any order [19] .
That is to say, that the perturbative solution to Eq. (17) is actually unique for a given H. Of course, if H is transformed by a unitary mapping, the effective wave operator and effective Hamiltonian will be transformed accordingly.
Making use of the condensed notation,
Note that some misprints have been corrected in Eq. (26) with respect to [19] . These formulas matches that of section 8 of [11] , where the operator T U can be identified with our normalized effective wave operator. So, order 5 can be found in this reference.
The contact transformation method
The method of contact transformations (CT) aims at simplifying solutions of classical or quantum mechanical problems by building some simpler effective Hamiltonian models.
The main idea is to transform a full Hamiltonian H to a simpler operator H ef f defined in a finite dimensional space, E, spanned by known eigenfunctions φ k of an exactly solvable zeroth-order approximation. Most often, this is realized by applying a similarity transformation H = T −1 HT followed by a projection P on the E subspace i.e. H ef f = P HP. Once a zeroth-order approximation H 0 is chosen, the perturbation operator λV = H − H 0 is commonly expanded as a power series, λV 1 + λ 2 V 2 + ..., of a formal parameter λ considered as being small. In molecular physics, following Van Vleck [5] , the operator T is usually chosen in the form of successive unitary CT [5,8,9,11,13,35- 
Using the Hausdorff commutator expansion, recursive formulas have been established [8, 9, 11, 13, 37, 45] which link the n-th order term of the k-times trans- that is H = n λ n H n n . The explicit expressions for arbitrary n and k can be found in [8, 9] . Up to this point these formulae are quite general. Their practical application depends on the meaning of the term "simpification" attached to the transformation (27) .
In molecular physics and spectroscopy, CTs are usually applied to reduce a complicated problem defined on a complete space of wavefunctions to one defined on a subspace spanned by a limited number of strongly coupled nearby quantum states. Particularly important applications correspond to the case where the subspace can be identified with one component of a tensor product Hilbert space. As we have seen, this occurs in the case of an effective separation of dof. For instance, in the derivation of an effective Hamiltonian for the nuclear motion by separating electronic variables [38] and in the derivation of effective rotational Hamiltonian by separation of vibrational variables [13, 37, 43, 45] .
In a rather wide class of applications, the meaning of "simplification" can be formalized concisely by the constraint, [ H, A] = 0, that the transformed Hamiltonian, H, should commute with some operator A called the modeling operator [8, 9] . Different choices of the modeling operators result in different forms of effective Hamiltonians, H ef f . In the case of a zeroth order spectrum having non-degenerate or purely degenerate states [35] , 
m , amounts to the Hermitian version of the Bloch projector formulation of perturbation theory [2] [3] [4] 9] . Extensions of the modeling operator to the quasi-degenerate case has been considered in [8] . In the case of the initial Hamiltonians depending on different types of variable, H(X, Y ), discussed in the previous section and given by Eq. (1), the choice A = A(X) allows a full or a partial separation of x-variables by CT [7, 9] .
At n-th order of CT, the conditions applied to the S n generator and the n-th order effective Hamiltonian term are written as,
The general solutions of these equations for degenerate or quasi-degenerate zeroth-order states are given in [8, 9] in terms of operations < · · · > (taking the block-diagonal part with respect to H 0 eigenstates partitioning) and the inverse of operation, [H 0 , · · · ], consisting in taking the commutator with H 0 . Some mathematical aspects of these solutions are considered in [9, 35, 39] . With an appropriate choice of A eqs. (28) are invariant under the substitution S n => S n + < Z n >, where Z n λ n is an arbitrary Hermitian operator.
This gives a variety of effective Hamiltonians in a given E space and explains how different expressions are obtained with various equivalent formulations of the perturbation theory [7] [8] [9] .
CT can be viewed in terms of the Lie algebra, L, generated by multiple commutators of iS n with H 0 and V n [9, 39] . For a given choice of the modeling operator A, this Lie
, where L (0) denotes the subspace of elements commuting with A. Consequently the transformed Hamiltonian contains only operators
, resulting in a full or a partial separation of variables.
From the computational point of view two things are essential: programming general solutions of CT equations (28) and calculating structural constants of the Lie algebra.
For vibration-rotation Hamiltonian this has been implemented in [40, 41] .
A separation of variables permits a drastic reduction of the dimension of Hamiltonian matrices. Consequently, a computational implementation for molecular spectra calculation becomes much easier, and spectroscopic accuracy can be achieved. Moreover, CT provide a mathematical background for intuitively introduced physical models for bound states of semi-rigid molecules near the equilibrium configuration and gives a simple interpretation of effective parameters.
The contact transformation method has been widely used in the literature on highresolution molecular spectroscopy as reviewed by Amat, Nielsen and co-workers [42, 45] , Aliev and Watson [13] , Camy-Peyret and Flaud [37] , Sarka and Demaison [43] and others [9, 15, 46] . It has been developed for polyatomic molecules by Sibert [47] and applied to methane by Wang and Sibert [44] . The irreducible tensor formulation of CT for methane was discussed in [15, 48] . For nonrigid molecules the CT method has been extended by Starikov and Tyuterev [9, 46, 49] with application to inversion in ammonia and largeamplitude bending vibration in water molecule, whereas a classic-mechanical version of Birkhoff-Gustavson transformations similar to CT has been reviewed and employed for floppy molecules by Sugny and Joyeux [50] . Most implementations start from an harmonic vibrational approximation in H 0 , through anharmonic terms can be included in the zeroth-order approximation [46, 51] as well. With the notation of the previous section, this method yields an effective separation of "fast" vibrational variables (X) and "slow" rotational variables (Y) as described in more details in [9] . In this work, CT calculations have been performed with the optimized algorithms and computational techniques developed and implemented in the MOL-CT program suite by Tyuterev, Tashkun and co-workers [40, 41, 52] .
Comparison of ab initio effective rotational Hamiltonians

The Eckart-Watson Hamiltonian
The Hamiltonian of the system considered in this work will be the Eckart-Watson Hamiltonian for non linear molecules [21] . The singularities of the Watson Hamiltonian prevent a proper study of the behaviour of a molecular system in their neighbourhood. However, since their measure is zero in nuclear configuration space, they are not necessarily a problem for the description of the rovibrational energy levels, in the same manner as the cusp of the electronic Hamiltonian do not prevent an accurate determination of the electronic energy levels. Moreover, in this study Hamiltonian singularities are not an issue.
If one denotes, X = {(Q i ) i , (P k ) k }, the set of normal coordinates and conjugate momenta, and Y = {θ, χ, φ, P θ , P χ , P φ )}, the set of Euler angles and momenta, the Eckart-Watson
Hamiltonian written as, H(X, Y ), can be decomposed as in Eq. (1), as required by the generalized Rayleigh-Schrödinger perturbation theory.
The two approaches for obtaining effective rotational Hamiltonians, recalled in the previous section, will make use of different partitioning of the Eckart-Watson Hamiltonian into zeroth-order operator and perturbation. The generalized perturbation theory will take the full (J = 0)-vibrational hamiltonian as a zeroth-order approximation written in atomic units as follows,
In the equations above, µ is the 3 by 3 effective reciprocal inertia matrix whose series expansion in terms of the normal coordinates is
where, I
−1 e is the inverse of the inertia tensor I(Q 1 , ..., Q n ) at equilibrium and (a k i ) i the derivatives of the latter with respect to the normal coordinates,
π is the vibrational angular momentum operator determined by the Coriolis coupling constants and only depending upon the operators in the set X. The term U represents the potential energy surface (PES) of electronic origin in the Born-Oppenheimer approximation, expressed as a function of the normal coordinates Q i .
In this case, the perturbation describes the vibration-rotation coupling
where Π is the total angular momentum, and is the sole quantity depending upon the operators in the set Y .
The current implementation of the CT uses the harmonic oscillator Hamiltonian as zeroth-order approximation
where, U (2) is the PES truncated at second order. In the latter case, anharmonicity, the vibrational Coriolis term and the Watson mass-dependent correction are all included in the perturbation operator H 1 (X, Y ). This results in many more terms to be accounted for in the perturbation expansion. However, the advantage of the simplicity of the zerothorder approximation is that, it allows one to avoid intermediate summations on virtual vibrational states.
In this comparative study, we have used for U the NRT methane PES [33] expanded as a Taylor series of normal coordinates up to the tenth order. This was done by using analytical formulas, with the help of a symbolic algebra program. A detailed account of this procedure for symmetric molecules has been given by Rey et al. [53] .
By construction, an effective Hamiltonian shares the same eigenvalues as the original one.
So, in principle, if the radius of convergence of their expansion series is non zero, both methods explored in this work should converge towards the same spectra. Whether this convergence hypothesis is met or not is not clear mathematically, since they include non bounded operators. However, it is legitimate to investigate numerically the convergence behaviour of both methods, and to compare one with the other.
Convergence of the generalized perturbation method
The implementation of the generalized perturbation method depends upon several parameters whose influence on the convergence of the final results will be assessed. These To implement the generalized perturbation method, one needs to solve first the eigenvalue problem for the H 0 Hamiltonian. This has been done by performing vibrational mean field configuration interaction (VMFCI) calculations as implemented in the computer code CONVIV developed by Cassam-Chenaï and Liévin [54] . The method will not be described in details. It suffices to say here, that it is a variational method that encompasses as particular cases the vibrational self-consistent field (VSCF) method [55] [56] [57] and the vibrational configuration interaction (VCI) [58, 59] . But it is much more flexible, because it allows one to contract arbitrary groups of dof in a hierarchical manner, while controlling the growth of the basis set size by discarding high energy product basis functions, according to a so-called "contraction-truncation scheme". It is different from the traditional contraction method [60] [61] [62] [63] [64] , because the Hamiltonian of an active group of dof takes into account the effect of the mean field of the spectator groups as proposed by Bowman and Gazdy [65] . However, in contrast with [65] , for a given partition of the dof, self-consistency is achieved by iterating VCI calculations for active groups of dof in the mean field of the spectator groups.
The contraction-truncation scheme employed in this work can be written in our notation VMFCI calculation with the same partitioning up to achieve self-consistency: vibrational self-consistent configuration interaction calculation (VSCFCI). Self-consistency was considered sufficient when after 7 steps the zero point energies (ZPE) of all four modes, mean field Hamiltonians were the same to at least 10 digits. At step 8, the stretching modes 1 and 3 were contracted with truncation of the product basis functions at 48000 cm −1 on the sum of the energy of their components. After a single iteration, the ZPE of the three contractions (modes 1-3, mode 2, mode 4) were equal to within 2 × 10 −5 cm −1 , so we considered that self-consistency was achieved and that step 8 and 9 constitute again a VSCFCI calculation for this new partition. It is denoted by VSCFCI(ν 1 − ν 3 ; 48000).
Finally, all dof were contracted in a vibrational configuration interaction (VCI) step.
Different truncation thresholds on the sum of component energies, Z, were considered for constructing the final product basis set.
The convergence of the first vibrational levels that are well-determined experimentally,
with the expansion order of the NRT methane PES [33] insert Tab. 1 here.
Having fixed these two parameters, we now discuss the convergence with respect to the threshold Z shown in Tab. Moreover, preliminary studies of our 10 th order polynomial PES shows that it has artefactual barriers. In particular, it is not reliable in the range higher than 10600 cm Despite the limitations of the potential and of our variational calculation, we note that the agreement with the levels derived from experiment by Albert et al. [71] , is very satisfactory: most tabulated levels are within the cm −1 accuracy, except for bands attributed to harmonics of the ν 4 mode. The quality of the calculated wave numbers for this mode deteriorates with the largest threshold. We anticipate that this has to do with the problem, noticed above, of the Taylor series expansion of the NRT potential. The HO basis set probe already too much of the pathological region of the PES expansion with Z=19318 cm −1 . However, the possible discrepancies in high energy vibrational states used in the perturbation series of the effective Hamiltonians will not be further discussed in the present article since, again, the accuracy of these states is not crucial for our rotational level calculations. We refer the reader interested in the ab initio calculation of methane vibrational spectra to the abundant literature on this topics, see refs. [32, 33, 44, [72] [73] [74] [75] [76] [77] to quote a few recent works.
Convergence of the rotational calculations
The convergence of the third order of generalized Rayleigh-Schrödinger perturbation has been assessed with respect to the threshold on the number of eigenstates of H 0 used to truncate the series in the expression of second and third order corrective terms. Not surprisingly, the rate of convergence decreases as J increases. However, in Tab , expressed in terms of ladder operators are performed by following the technique described by Rey et al. [53] for symmetric molecules.
In order to perform CT of the full vibration-rotation Hamiltonian and derive an effective rotational one, we use the fast algorithm implemented in the MOL CT program suite as described by Tyuterev, Tashkun and co-workers [40, 52] . In order to be applicable to general systems encountered in molecular spectroscopy, this computer code has been implemented for low-symmetry subgroups of molecular point groups. For instance, it allows a classification of Hamiltonian terms based on C s -symmetry (provided the molecular symmetry group contains a subgroup isomorphic to C s , such as in methane, where
and also it allows a complete characterisation of the commutator/anti-commutator al-
operators [40] . The trade-off of such a representation is that, for high-symmetry molecules such as methane, it requires a larger number of Hamiltonian components than a representation which would use the full symmetry . As an example, the Taylor series expansion of the full rotation-vibration Hamiltonian for methane contains more than 60000 terms at fourth order and more than 900000 terms at sixth order according to the Amat-Nielsen ordering scheme [45] . Even There exists many ordering schemes in spectroscopic literature to sort vibration-rotation contributions expressed in terms of normal-mode operators. The most well-known are due to Amat-Nielsen [45] , Oka [78] , Parker-Watson and collaborators [13] , but many other possibilities could be considered to optimize the final accuracy over computational cost ratio. A given ordering-selection scheme, (which will be called "ansatz" in what follows 1 ) depends on the type of terms which are expected to be important in the effective Hamiltonian.
It is known that, the Wigner theorem of perturbation theory can be extended to the CT method [8, 9] . Consequently, only one S 1 generator of CT is required to get a second order effective Hamiltonian, and two generators S 1 , S 2 are sufficient to compute a fourth order one. It is also well known, that, at a given order of CT, a fewer number of anharmonicity and vibrational Coriolis terms are required for rotational CT calculations than for vibrational ones [9, 13, 45] . In this paper we present two ansätze, denoted A1 and A2, for CT calculations of methane rotational Hamiltonian in the ground vibrational state.
These ordering-selection schemes were found to give optimum accuracy/CPU time ratio for the 2 nd order and 4 th order CT respectively. 
Numerical convergence of the two independent approaches
In Tab. 4, the results of CT(1,2) using A1 scheme, are also compared to those of second order generalized perturbation and that of CT(2,4) using A2 scheme with those of third order generalized perturbation. The first pair corresponds to effective Hamiltonians including quartic centrifugal distortion effects, while the second pair corresponds to effective Hamiltonians including up to sextic centrifugal distortion terms. Since the A2 calculation is limited to a quartic µ-tensor expansion, the generalized perturbation results presented in the table, are those also obtained with a quartic µ-tensor expansion.
A comparison of sixth order CT with fourth order generalized perturbation has not been included. However, as we have seen, the corrections with respect to A2 and Pert(3) are small, at least up to J = 10.
Insert Tab.4 here
Inspecting first the effective quartic rotational Hamiltonian, we see that the one derived from generalized perturbation is clearly closer to empirical wave numbers than that obtained from A1 compared to the results of the STDS methane database [79] , obtained with the parameters of [80] . This is not surprising, since the orders of the Hamiltonian components included in the two methods are not the same. Pert(2) takes into account many more effects such as the vibrational anharmonicity up to 10 th power of normal coordinates, and a quartic µ-expansion in factor of total angular momentum component operators, whereas CT(1,2) is limited to cubic anharmonic terms of the PES and a quadratic µ-expansion only. However, the CT(1,2) calculation was much easier to perform with respect to Pert(2), since the full vibrational eigenvalue problem did not have to be solved prior to the effective Hamiltonian derivation.
The results of CT(2,4) using A2 scheme improves greatly with respect to those of CT (1, 2) and becomes of comparable accuracy with those of Pert (3) (2), whereas Pert(3) results underestimate the empirical values up to J = 8, and overestimate them above. This J-dependent variation is probably related to differences in high order centrigugal distorsion effects which only become significant at sufficiently high J-values.
Conclusion
The construction of effective rotational Hamiltonians and accurate calculations of rotational spectra for polyatomic molecules from ab initio potential energy functions is known to be quite a challenging issue. Very few studies are available in this field for molecules having a number of atoms, N ≥ 5. A recent improvement of ab initio electronic calculations for methane has allowed a precise determination of the molecular equilibrium geometry and of the ground electronic state PES [33] . The latter has been used in this work, in a rectilinear normal coordinates representation for the benchmark calculations of rotational energies up to J = 10.
The main objective of the present study was to compare numerically the two different approaches together. As far as we are aware, besides our previous works [16, 33] , only one theoretical calculation by Wang and Sibert [74] has predicted methane rotational levels beyond J = 1, and none beyond J = 3. Hence, the importance of this comparison with the same electronic calculation starting point for the two a priori independent ro-vibrational theoretical methods that have proved able to reach high J-values.
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The comparison is very satisfactory, because the differences between the predicted rotational spectra are decreasing as the orders of the two methods increase. This important finding should be ascertained in the future by going to higher orders, i.e. beyond the comparison of sextic effective rotational Hamiltonians. However, as a matter of fact, our sextic Hamiltonians give energy levels as close to the empirical levels as they could be expected to lie, at this order of centrifugal distortion. So, this study confirms the effectiveness of both approaches to the prediction of rotational spectra of polyatomic molecules.
Another positive conclusion that can be drawn from this work is that, our two independent methods, which is also different from the one used in [33] , confirm the quality of the NRT methane PES for rotational and vibrational spectra predictions.
The computational pitfalls for both methods are completely different, as a result, the two approaches appear to be complementary. The current implementation of the gen- coordinates is slow as already demonstrated in previous studies [66] [67] [68] . The µ-tensor is expanded at order 0 in the three calculations. It is worth noting that the ν 3 + ν 4 levels of the octad in italics are not in the experimental order. At order 6 and 10, the A1 level is found before the E and F1 levels, whereas at order 8 the E level is swapped with the A1 level. Note however, that the two highest tabulated levels are found in the right order, in contrast with our previous studies conducted with the Lee, Martin and Taylor PES [30] . We stopped the present study at order 10, which results already in 21884 terms in the polynomial expansion. We believe that the tenth order expansion in rectilinear normal coordinates is a reasonably good approximation to the original PES in curvilinear coordinates, whose variational treatment [33] is shown in the last column. However, care
should be exercised in the comparison, since in [33] the exact kinetic operator is used, whereas in the other calculations presented in Tab.5, the µ-tensor is Taylor-expanded to zeroth order. Also, in [33] , a fairly small basis set of 131524 HO product basis functions was used, whereas for orders 6 and 10, we started the VMFCI scheme with 1512221400
HO product basis functions. Note that, with the exact kinetic operator and the original NRT PES, Nikitin et al. [33] also found an inversion in the ν 3 + ν 4 levels.
insert Tab.6 here.
We assume that convergence with respect to PES expansion order is not correlated to convergence with respect to µ-tensor expansion. So, now, we fix the PES expansion order to 10 and study the effect of µ-tensor expansion order on energy levels. From order 1 and onwards, the correct order is found for the ν 3 + ν 4 E, F1 and A1 energy levels. So although small, Coriolis coupling can determine the ordering of quasi-degenerate levels. Energies in cm −1 of methane vibrational levels for increasing VCI truncation thresholds. In all calculations, the PES is expanded to 10 th order in normal coordinates and the µ-tensor to second order. irreps.: irreducible representation label, nb.: number of, ZPE: zero point energy.
More digits than significant physically are provided to appreciate numerical convergency. Z is the truncation threshold (in cm −1 ) as explained in the text. Table 2 Rotational energy levels in cm −1 at order 3 of generalized perturbation theory. The convergence of rotational levels of methane vibrational ground state, (the J = 0 level is set to 0 cm −1 ), is displayed for different µ-matrix Taylor expansion orders in normal coordinates and with respect to different truncation thresholds on the allowed values for the indices k 1 , k 2 of vibrational wave functions appearing in Eqs. (24) and (25) . . Table 3 Rotational energy levels in cm −1 at order 4 of generalized perturbation theory. The convergence of rotational levels of methane vibrational ground state is displayed with respect to different truncation thresholds on the allowed values for the indices k 1 , k 2 , k 3 of vibrational wave functions appearing in Eqs. (24), (25) and (26) . The µ-matrix is expanded at order 5 in normal coordinates in all calculations. The column "max k in E (4) = 0" corresponds actually to the third order of perturbation theory, since there is no term in the sums of E (4) . . Table 4 Comparison of rotational levels (in cm Generalized perturbation calculations were performed with µ developed to the fourth power since this is more comparable to CT (2, 4) and maximum k-value of 16864, to insure convergency.
Empirical values from the STDS database [79] , with the parameters of Roche and Champion [80] obtained from the fit of experimental spectra are provided for comparison. . Table 5 Energies in cm −1 of methane vibrational levels for increasing PES expansion orders in rectilinear normal coordinates. In all VMFCI calculations, the µ-tensor is expanded to zero th order, and the VCI truncation thresholds of the last step is 14918 cm −1 . NRT refers to the variational calculation of ref. [33] for the original PES in curvilinear coordinates. Abbreviations as in Tab.
1. Levels not in the experimental order are italicised. Table 6 Energies in cm −1 of methane vibrational levels for increasing µ-expansion orders. In all calculations, the PES is expanded to 10 th order, and the VCI truncation thresholds are all equal to 14918 cm −1 giving about 16000 basis functions in this last VMFCI step. Abbreviations as in Tab. 1. Levels not in the experimental order are italicised. 
